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The objective of this paper is to point out that contact induced states can help explain the structure 
dependence of the minimum conductivity observed experimentally even if the samples were purely 
ballistic. Contact induced states are similar to the well-known metal induced gap states (MIGS) in metal-
semiconductor Schottky junctions, which typically penetrate only a few atomic lengths into the 
semiconductor, while the depth of penetration decreases with increasing band gap. However, in graphene 
we find that these states penetrate a much longer distance of the order of the width of the contacts. As a 
result, ballistic graphene samples with a length less than their width can exhibit a resistance proportional to 
length that is not ‘Ohmic’ in origin, but arises from a reduced role of contact-induced states. While actual 
samples are probably not ballistic and involve scattering processes, our results show that these contact 
induced effects need to be taken into account in interpreting experiments and minimum conductivity 
depends strongly on the structure and configuration (two- vs. four-terminal) used. 
 
     
 
INTRODUCTION 
 
Recent experiments 1-12 show that the conductivity of 
graphene (a single atomic layer of graphite) tends to a 
minimum value in the range of ~2-12 he2  as the Fermi 
energy 
fE  approaches the charge neutral Dirac points 
( 0=E ) located at the corners of the Brillouin zone. Around 
these points the density of states is given by 
2( ) ( ( ) )( )fD E E v LW π= =  (L: length, W: width) and the 
conductivity is expected to approach zero as the Fermi 
energy 
fE  approaches zero. Consequently, the experiment-
tal observation of a non-zero minimum conductivity has 
stimulated a lot of theoretical work most of which have 
focused on the carrier scattering mechanisms in graphene 
13-17. However, Beenakker et. al. 18 have shown that even 
ballistic graphene samples can exhibit a minimum 
conductivity. The purpose of this paper is to point out that  
this minimum conductivity in ballistic samples arises from 
contact induced states and depends strongly on the 
structure and configuration (two- vs. four-terminal) used. 
While actual samples are probably not ballistic and involve 
scattering processes, our results show that these contact 
induced effects need to be taken into account in 
interpreting experiments. 
 
Contact induced states are similar to the well-known metal 
induced gap states (MIGS) in metal-semiconductor 
Schottky junctions which typically penetrate only a few 
atomic lengths into the semiconductor, while the depth of 
penetration decreases with increasing bandgap. However, 
in graphene we find that these states penetrate a much 
longer distance of the order of the contacts’ width, which 
seems reasonable since the graphene acts like a semicon-
ductor with a small gap that decreases with increasing W. 
In this paper, we will present model calculations showing 
how these contact induced states can help understand many 
experimental measurements of minimum conductivity in 
different multi-probe configurations. 
 
Model: The basic theoretical model presented here is based 
on the general non-equilibrium Green’s function (NEGF) 
approach, which has been described elsewhere in detail 19. 
The structure is partitioned into channel and contact 
regions with the channel properties described by a tight-
binding Hamiltonian (H) appropriate for graphene with a 
single π-orbital for each carbon atom: all elements of [H] 
are equal to zero except for nearest neighbors for which 
; 2.71mnH t t= − = eV. 
 
The effect of contacts on the channel is included through 
the self-energy matrix [ΣL,R] whose elements are given by 
, , ( , ) ,L R L R s L R L Rgτ τ +Σ = , where τ is the coupling matrix 
between the contacts and channel and sg is the surface 
Green's function for the contact. The surface Green's 
function at energy E is obtained from the Hamiltonian for 
the isolated contact (Hcontact) using the relation 
 
1[(( ) ]s contactg E i I Hη −= + −                                               (1) 
 
 which is evaluated using a recursive method making use of 
the tridiagonal nature of Hcontact20. Typically η is assumed 
to be an infinitesimal quantity which for graphene contacts 
would give a vanishing DOS at 0=E . Instead we use a 
finite η  adjusted to yield a desired non-zero DOS at 0=E   
 
 
Fig. 1: Effect of contact induced states on an armchair grahpene 
channel in a general two-terminal configuration shown in (a). 
General schematic illustration used for NEGF quantum transport 
calculation.  Local density of state (LDOS) averaged over the 
width plotted against the length (x) for (b) semiconducting 
channel with L/W=0.5, (c) semiconducting channel with L/W=2, 
(d) metallic channel with L/W=0.5 and (e) metallic channel with 
L/W =2. The three curves in each plot represent increasing 
contact density of states: Dashed line for contact DOS same as 
channel, Å-line for contact DOS of 8×1013/(eV-cm2) and z-line 
for contact DOS of 22×1013/(eV-cm2). Also shown in insets for 
the metallic channel the variation of the quasi Fermi level across 
the channel normalized to “0” and “1” in the right and left 
contacts.  
 
in the range [0.8-2.2]×1014/(eV-cm2) corresponding to what 
we estimate for real experimental contacts 1-12.  
 
Two-terminal geometry: In order to show the effect of 
contact induced states on minimum conductivity in 
graphene we start with a simple two-terminal geometry 
shown in Fig. 1(a). Channels with L/W<1 [Figs. 1(b,d)] 
show a "punch-through" of DOS from one contact to the 
other, while in channels with L/W>1 [Figs. 1(c,e)]  the 
DOS in the middle approaches the correct value: zero for 
semiconducting channels and ~1 taW for metallic chann-
els corresponding to one mode (a: carbon-carbon bond 
length). Similar results are obtained with zigzag graphene, 
except that there are no semiconducting channels, all 
channels being metallic. Figs. 1(c,e) show that the contact 
density of states penetrates a distance ~ W/2 into the 
graphene channel. 
 
While contact induced states increase the channel DOS, 
they decrease the channel resistance. For L/W<0.5 
resistance increases linearly in a manner reminiscent of 
Ohm's Law [Fig. 2(a)], except that this increase is not a 
result of scattering or momentum relaxation, but from the 
reduction in "punch-through" of contact induced states. 
Nevertheless, if we extract a sheet conductivity using 
‘Ohm’s law’ L RWσ = , it tends to a constant (~4 he π2 ) 
for L/W<0.5 and increases linearly as L/W increased [see 
Å-line for low T in Fig. 2(c)]. Our numerical results 
confirm recent theoretical work by Beenakker et. al. 18 and 
are in good agreement with the recent experimental 
measurements 1 as shown later (Tbl. 1). These results are 
not affected significantly by the precise contact density of 
states for the range of values studied between [0.8-
2.2]×1014/(eV-cm2). For large L/W the resistance for 
metallic channels saturates to 22eh  corresponding to one 
spin-degenerate mode [Å-line in Fig. 2(a)], while that for 
semiconducting channels keeps increasing indefinitely [Å-
line in Fig. 2(b)]. Note that this is true at temperatures low 
enough that one mode is accessible for metallic channels 
and none for semiconducting channels. More generally, the 
resistance for long channels saturates to a value RS that 
depends on the ratio of the thermal energy kBT to the  
 
 
Fig. 2: Effect of the contact induced states on the two-terminal 
resistance of a graphene channel.  Resistance as a function of the 
channel length for (a) a metallic armchair channel (b) a 
semiconducting armchair channel. Derived conductivity of the 
channel as a function of length for (c) a metallic armchair channel 
(d) a semiconducting armchair channel. Å-solid line when 
5.0<WTT ; Õ-solid line when 3≈WTT  and z-solid line when 
6≈WTT . 
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energy spacing WvkT fW 4=π≈  between successive 
modes. In general MqhTTR WS
2)( = , where the therma-
lly averaged number of modes ∫ ∂∂= ))(( EfEdEMM  is 
approximately equal to 2WT T +  for metallic channels in 
our range of interest. Fig. 2 also shows the calculated 
resistance and the derived conductivity for values of 
T/TW>1 indicating the reduction in resistance and 
enhancement in conductivity expected from the above 
argument. 
 
Spatial variation of the quasi-Fermi level:  Insets in Fig. 
1(d-e) show the spatial variation of the quasi-Fermi level 
for metallic channels. With L/W = 2, the quasi-Fermi level 
is flat in the middle of the channel as one would expect for 
a ballistic conductor. However, near the contacts it drops 
linearly. Indeed with L/W=0.5 the quasi-Fermi level  
 
 
 
Fig. 3: Effect of contact induced states in Hall bar geometry with 
full width voltage probes. (a) Schematic illustration of structure. 
(b) Calculated resistance as a function of the distance between 
voltage probes (LP).Õ-line for weakly coupled voltage probes; 
Å-line for strongly coupled voltage probes with DOS of 
2.2×1014/(eV-cm2); z-line for strongly coupled voltage probes 
with DOS of 0.8×1014/(eV-cm2). 2-D Local density of state 
profile inside a metallic armchair channel for fixed L and W (c) 
when the voltage probes are weakly coupled, (d) when the voltage 
probes are strongly coupled for LP<W, (e) when the voltage 
probes are strongly couple for LP>W. Also shown in insets the 
quasi Fermi level profile across the channel normalized to “0” and 
“1” in the right and left contacts.  
changes linearly all the way from one contact to the other 
similar to ordinary diffusive conductors, although our 
model includes no scattering. The linear variation arises 
simply from the spatial variation in the DOS. As shown in 
[21], the contact resistance between two regions with "M" 
modes and "N" nodes is proportional to ‘ MN 11 − ’, so 
that with spatially varying modes described by  
)(~)( xDvxM f=π , we expect a potential profile given by 
dxDdxV )(~)( 1−− ,which is approximately linear as 
shown (inset Fig 1(d)). 
 
Hall bar geometry: Many experimental measurements 
employ a four-terminal Hall bar geometry and one might 
expect from the flat quasi Fermi level near the middle in 
inset of Fig. 1(e) that four-terminal measurements would 
be unaffected by the contact-induced state effects we have 
been discussing. We now present results that while this is 
indeed true if the voltage probes are "weakly coupled" to 
the channel, strongly coupled voltage probes lead to 
resistance values that are not too different from what we 
have been discussing for two terminal measurements. 
 
 
 
Fig. 4: Effect of contact induced states in Four-probe structure 
with side voltage probes. (a) Schematic illustration of structure. 
(b) Calculated resistance as a function of width of the side voltage 
probes (WP); solid line for contact DOS of 0.8×1014/(eV-cm2), 
dashed line for contact DOS of 2.2×1014/(eV-cm2). 2-D Local 
density of state profile inside a metallic armchair channel for 
fixed L, LP and W (c) WP=0.4W (d) WP=2.4W. Also shown in 
insets the quasi Fermi level profile across the channel normalized 
to “0” and “1” in the right and left contacts.  
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Experiment Device size Measured σmin  Calculated σmin 
Device 1 
W=640nm 5.0
6.0
<
≈
WTT
WL  ~3 he2  ~2.5-6 he2  
Device 2 
W=360nm 5.0
06.1
<
≈
WTT
WL  ~4.5 he2  ~4-6.5 he2  
Device 3 
W=360nm 5.0
75.0
<
≈
WTT
WL  ~3.4 he2  ~3-5 he2  
Device 4 
W=320nm 5.0
44.1
<
≈
WTT
WL  ~5.6 he2  ~4.8-7 he2  
Device 5 
W=840nm 5.0
13.0
<
≈
WTT
WL  ~1.15 he2  ~1-1.3 he2  
Device 6 
W=400nm 5.0
41.0
<
≈
WTT
WL  ~1.7 he2  ~1-2.5 he2  
Device 7 
W=400nm 5.0
58.0
<
≈
WTT
WL  ~2.25 he2  ~1.9-3.3 he2  
Device 8 
W=680nm 5.0
14.0
<
≈
WTT
WL  ~0.98 he2  ~1-1.6 he2  
Table. 1: Comparison between measured σmin and calculated σmin 
for Hall bar geometry of the experiment in Ref. [1]. Since the Hall 
bar geometry used in the experiment is a combination of side 
probes and probes with widths less than full, we use dashed line 
in Fig. 4(b) and Å-line in Fig. 3(b) to find a range that minimum 
conductivity can fall in for this type of structure. We assumed 
WP=250nm as estimated from Fig. 1(b) in Ref. [1]. Note that for 
the all devices in this table T/TW<0.5. 
 
Full width voltage probes: In this geometry [Fig. 3(a)], if 
voltage probes are weakly coupled to the channel, they do 
not induce any states in the channel [Fig. 3(c)]. In this case 
the calculated resistance [Õ-line in Fig. 3(b)] is zero, since 
there is no voltage drop deep inside the channel (ballistic 
regime) as explained above. Experimental voltage probes, 
however, are strongly coupled leading to a voltage drop 
between them as shown in Fig. 3(d,e). The calculated 
resistance now shows a variation with LP/W [Fig. 3(b)] 
similar to the variation of the two-terminal resistance as a 
function of L/W (Fig. 2). However, with increasing DOS in 
the probes we find that the resistance goes down [see Å-
line in Fig. 3(b)] which we ascribe to the increased density 
of contact induced states in the region between the probes.  
 
Side voltage probes:  With the voltages probes connected 
to one side of the channel [Fig. 4(a)], the contact induced 
states from these probes penetrate along the channel width 
(y) rather than length (x). If the probe width (WP) is small 
compared to the channel width, these probes act like 
weakly coupled full width voltage probes and the 
resistance is small [Fig. 4(b-c)]. However, with increasing 
WP the contact induced states punch through the width of 
the channel [Fig. 4(d)] and the calculated resistance 
increases with WP [Fig. 4(b)]. The distance between side 
voltage probes (LP) does not affect the measured resistance 
from this geometry since the contact induced state 
penetration is along the width of the channel. Higher probe  
Experiment Device size Measured σmin Calculated σmin 
Device 9 
W=1μm 5.0
2.0
<
≈
WTT
WL  ~1.7 he2  ~1.5 he2  
Device 10 
W=3.3μm 1
12.0
≈
≈
WTT
WL  ~2.5 he2  ~1.7 he2  
Device 11 
W=5.74μm 6.1
22.0
≈
≈
WTT
WL  ~4.5 he2  ~2 he2  
Device 12 
W=6.15μm 7.1
64.0
≈
≈
WTT
WL  ~4.5 he2  ~3.4 he2  
Device 13 
W=7.9μm 2.2
16.0
≈
≈
WTT
WL  ~5 he2  ~2.2 he2  
Device 14 
W=1.31μm 5.0
1
≈
≈
WTT
WL  ~6.3 he2  ~2.6 he2  
Table. 2: Comparison between measured σmin and calculated σmin 
for two terminal geometry of the experiment in Ref. [1]. 
Minimum conductivity is estimated from Fig. 2(b) . Note that for 
the most of devices in this table, the device width is wide enough 
to make T/TW>0.5.  
  
induced density of states cause the probes to affect more of 
the channel, and hence measure a higher voltage 
drop/resistance. 
 
Comparison with experiments: Tables 1 and 2 compare 
experimental measurements from Ref. [1] with our 
calculated conductivity for ballistic conductors taking 
contact induced state effects into account. Good agreement 
is seen for four-terminal measurements (Table. 1) but we 
see discrepancies for several two-terminal measurements 
(Table. 2) exceed our predicted conductivity. A possible 
explanation for these discrepancies is the presence of 
charged impurities (neglected in this discussion) which 
have been shown to increase the conductivity 6,13-17.  This 
explanation seems supported by the fact that the 
discrepancies are limited to wide samples. In summary, we 
have shown that even ballistic graphene samples with L<W 
can exhibit a resistance proportional to the length that is 
not ‘Ohmic’ in origin, but arises from a decreased rote of 
contact induced states and this ballistic model can explain 
many experimental results. Finally, contact-induced states 
can account for some of the experimental observations 
such as the structure dependence of minimum conductivity 
that cannot be explained otherwise. 
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